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Abstract

In the analysis of a multi-state process with a finite number of states, a semi-Markov model allows
to weaken the often used Markov assumption. The behavior of the process is defined through the
initial probabilities on the set of possible states, the direct transition probabilities from any state
to any other state and the sojourn times distributions as functions of the actual state and the state
reached from there at the end of the sojourn. The most usual model in this framework is the so-
called independent competing risk model. Then the transition probabilities can be deduced from the
distribution of the sojourn times. For both cases, this submodel and the general one, we propose
estimators of the transition probabilities and the distribution functions of the sojourn times when n
i.i.d. sample paths of the process are observed under right-censoring. A comparison of the estimators
allows us to test for an ICR model against the general semi-Markov model and a simulation study is

performed.

1 Introduction

The motivation for this paper is the analysis of a cohort of patients where not only the survival time of
the patients but also a finite number of life states are under study. The behavior of the process is assumed
to be semi-Markov in order to weaken the very often used, and often too restrictive, Markov assumption.
The behavior of such a process is defined through the initial probabilities on the set of possible states, and
the transition functions defined as the probabilities, starting from any specified state, to reach another
state within a certain amount of time. In order to define this behavior, the set of the transition functions
may be replaced by two sets. The first one is the set of direct transition probabilities p;; from any state
J to any other state j'. The second one is the set of the sojourn times distributions F};; as functions of

the actual state j and the state j' reached from there at the end of the sojourn (section 2).
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The most usual model in this framework is the so-called competing risk model. This model may be
viewed as one where, starting in a specific state j, all states that may be reached directly from j are
in competition: the state j' with the smallest random time W,/ to reach it from j will be the one. It
is well known that the joint distribution and the marginal distribution of the latent sojourn times W
is not identifiable in a general competing risk model (Tsiatis (1975)). In a semi-Markov model as well
as in a competing risk model, only the sub-distribution functions Fj/|; = p;;/ F);;» are identifiable and it
is always possible to define an independent competing risk (ICR) model by assuming that the variables
Wi, j' = 1,...,m, are independent with distributions F;;; = Fj/|;/F};(00). Without an assumption
about their dependence, their joint distribution is not identifiable and a test of an ICR model against an
alternative of a general competing risk model is not possible. Similarly, there is always a representation
of any general semi-Markov model as a competing risk model with possibly dependent Wj; but it is
not uniquely defined. When the random variables W;;, 5/ € J(j), are assumed to be independent, the
semi-Markov model simplifies : the transition probabilities can be deduced from the laws of the sojourn
times W;,;s (section 3). As the term ”competing risk” is also used in case of dependence of the W;;/, we
shall sometimes emphasize the independence we always assume in a competing risk model, by calling it

the Independent Competing Risk (ICR) model.

For a general right-censored semi-Markov process, Lagakos, Sommer and Zelen (1978) proposed a
maximum likelihood estimator for the direct transition probabilities and the distribution functions of
the sojourn times, under the assumption of a discrete function with a finite number of jumps. In non-
parametric models for censored counting processes, Gill (1980), Voelkel and Crowley (1986) considered
estimators of the sub-distribution functions Fj/|; = p;; F|;;» and they studied their asymptotic behavior.
Here, we consider maximum likelihood estimation for the general semi-parametric model defined by the
probabilities p;;» and the hazard functions related to the distribution functions F;; (section 4). If the
mean number of transitions by an individual tends to infinity, then, the maximum likelihood estimators
are asymptotically equivalent to those of the uncensored case. In section 5, we present new estimators
defined for the case of a right-censored process with a bounded number of transitions. The difficulty
comes from the fact that we do not observe the next state after a right-censored duration in a state.

Under the ICR assumption, specific estimators of the distribution functions Fj;;; and of the direct

transition probabilities p;;, are deduced from Gill’s estimator of the transition functions Fj A com-

’ |] .
parison of those estimators to the estimators for a general semi-Markov process leads to tests for an ICR

model against the semi-Markov alternative in section 6.



2 Framework

For each individual 4, ¢ = 1,--- ,n, we observe, during a period of time ¢;, his successive states J(i) =
(Jo(4), J1(3),- -+, Jk(i)(i)), where Jo(7) is the initial state, Jx ;) (i) the final state after K'(i) transitions.
The total number of possible states is assumed to be finite and equal to m. The successive observed
sojourn times are denoted X (i) = (X1(i), X2(i),--- , Xk(i)(i)), where X(¢) is the sojourn time 4 spent
in state Jy_1 (i) after (k — 1) transitions, and the cumulative sojourn times are Ty = X5_, X,.

One must notice that, if ¢ changes state K(i) times, the sojourn time i spent in his last state Jg(; is
generally right censored by t; — Tk (;)(i), where ¢; is the total period of observation for subject i. We

simplify the rather heavy notation for this last duration, and the last state Jx ;) (i) as
X*(l) =t — TK(i)(i), J*(l) = JK(i) (Z)

The subjects are assumed independent and the probability distribution of the sojourn times absolutely
continuous. The two models we propose for the process describing the states of the patient are renewal

semi-Markov processes. Their behavior is defined through the following quantities:

1. The initial law p = (p1,p2, " , Pm):

P = P(JOZJ)a j€{132a"'am}7
oo = L (1)
jef1,2,--,m}
2. The transition functions Fj;(t) :
Fj’|j(t):P(Jk:j/7Xk§t|Jk—1:j) ) j7jl€{1a2a"' am}' (2)

Equivalent to the set of the transition functions Fj/;, is the set of the transition probabilities, p =
{pjjr 5 3,7" € {1,2,--- ,m}, together with the set of the distribution functions Fj;;s of the sojourn times

in each state conditional on the final state as defined below:

1. The direct transition probabilities from a state j to another state j’ :
pij = P(Jx = j'|Jk—1 = J), (3)

2. The law of the sojourn time between two states j and j' defined by its distribution function:

Fijj(t) = P(Xy < t|Jp1 = 4, Tk = 5'), (4)
where ijj/:l, piir >0, j.j e{l,2,--- ,m}. (5)
i=1



We notice that the distribution functions F;;, conditional on states (j, j') do not depend on the value of
k, the rank of the state reached by the patient along the process, which is a characteristic of a renewal

process. We can define the hazard rate conditional on the present state and the next one:

Pt <X, < X > =i =
Aty = lim POSXe St diiXe >t S =5 T =)
193 dt—0 dt

: (6)

as well as the cumulative conditional hazard:

Ay (t / Al (u (7)

Let W; be a sojourn time in state j when no censoring is involved, F} its distribution function, and

F; =1 — Fj its survival function, such that
Fj( )= P(W; > x) Zp]J'FUJ (8)

The potential sojourn time in state j may be right censored by a random variable C; having distribution
function G, density g; and survival function éj. The observed sojourn time in state j is W; A Cj.
A general notation will be F for the survival function corresponding to a distribution function F, so that,

for example, Fljj’ =1 - F);;» and similarly, for the transition functions, fﬂj = pjjr — Fj5-

3 Independent Competing Risks Model

We assume now that, starting from a state j, the potential sojourn times W;; until reaching each of
the states 7’ directly reachable from j are independent random variables having distribution functions
defined through (4). The final state is the one for which the duration is the smallest. One can thus say
that all other durations are right censored by this one. Without restriction of the generality, we assume

that the subject is experiencing his ]th transition. The competing risks model is defined by

Xk = min Wjj’a
j'=1,...m
Jv = j'suchthat W < W5 #j', (9)

where W, has the distribution function F);;:.

In this simple case, independence, both of the subjects and of the potential sojourn times in a given
state, allows us to write down the likelihood as a product of factors dealing separately with the time
elapsed between two specific states (4, j'). For the Independent Competing Risk model, one derives from

(6), (8) and(9) that

Fpt) = POv=5 %<t =) = [ ([] Py} amipw (10)

3 #
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A consequence is that the direct transition probabilities p;;; defined in (3) may be derived from the

probabilities defined in (4),
pijr = P(Jer = j'|Je = j) = / N (we™ 25" Hos e, (11)
0

In this special case, the likelihood is fully determined by the initial p; and the functions Aj;;, defined in
(6). The likelihood Ly, for the independent competing risks is proportional to

Lren HPJO() H Al (), () (X (2))
<e -2 A.]k_l(l),]”(Xk())e_z:j” Apgegy g (XT(@) (12)

It can be decomposed into the product of terms each of which is relative to an initial state j and a final
state j'. When gathering the terms in L,., that are relative to a same hazard rate Ajjj or else Ay,

one observes that the hazard rates appear separately in the likelihood for each pair (j,j)

ch,n = {H PJo(3) }H H chn Js ]

Jj j'=1
me(]‘,j’) — H >‘|J] Xk A\jj’(Xk(i))]l{Jk—l(i):j7 Ji(1)=3"}
i=1 k=1
x[e A Xk())}l{Jk 1(1)=4, Jr(s) 75’ }[ —Aljj/(X*(i))]1{J*(i):j}. (13)

This problem may be treated as m parallel and independent problems of right censored survival analysis.

The only link between them is the derivation of the direct transition probabilities using (11).

4 General Model

The patients are assumed to be independent, while the potential times for a given subject are no longer
assumed to be independent. We model separately the hazard rate and the transition functions p;, p;;/
and A;;» defined as in (1), (3) and (6). The direct transition probabilities p;;» can no longer be derived
from the hazard rates.They are now free, except for the constraints (5). The distributions of the time
elapsed between two successive states j and j' and those of the censoring are assumed to be absolutely

continuous. The likelihood L,, is proportional to

K (1)
Ny —A Do (Xe(i
HM() H Gy () Xk ()P (0,50 ) N s 1) (1) (X (3) e~ Hmr 0000 (k)

x g+ (X { ZPJ* A\J*(i),j/(x*(i))}
= H H p;{JO(l):J} H H [p]]/)\ljj/(Xk(Z)) A\JJ Xk(’L a ( ( ))]1{Jk*1(i):jka(i):j,}

=1 j=1 k=1 j'=1

* /. m B . . 1T ()=
X {gJ(X (Z)) ijjle A\JJ (X ())} {77 (@) J}'

L,



This likelihood may be written as a product of terms each of which implies sojourn times exclusively in

one specific state j, L, = H;nzl L(5).

For each subject 4, and for each k € {1,2,--- , K (i)}, we denote 1 — 0 (i) the censoring indicator of its
sojourn time in the k. visited state, Jy_1(7), with the convention that dy(i) =1 for every i. If j/ is an
absorbing state, and if Ji (i) = j, then j' is he last state observed for subject i, k = K (i), and we denote
it X*(i) = 0 and 6 (iy41(7) = 1.

Another convention is that subject 4 is censored, when the last visited state J*(¢) is not absorbing and
the sojourn time in this state X*(4) is strictly positive and we denote 1 — §; the censoring indicator. In
all other cases, in particular if the last visited state is absorbing or if the sojourn time there is equal to

0, we say that the subject is not censored and we thus have §; = 1. We can then write

k
Si(i) = [ o (i), 6 =1{X"(i) = 0}.

k=1
For each state j of {1,2,--- ,m}, we define the following counts where k varies, for each subject i,

between 1 and K (i), i € {1,2,--- ,n}, and x > 0,

Ni,k(xvj»jl) = 1{Jk71(l):j7Jk(Z):.7I}1{Xk(7’) SCE},
(14)
Yir(z,5,5") = WJe-1(i) = j, Je(i) = i }1{X(i) > 2},
Ni(z,j) = (1=6)1{J (1) =j}{X"(i) <},
Yi(e,j) = (1—-0)1{J (1) =j}{X"(i) > «}.
By summation of the counts thus defined on the indices j’, i, or k, we get
n K(i)
N(xajajlvn) = ZzNi,k(x’jvj/)7 (15)
i=1 k=1
N™(z,j) = Y N(x,j,jn),
j'=1
N(z,jn) = > N/“(z,j)+ N"(x,]),
i=1
n K(i)
Yz, 4,5 m) = Y > Yik(x, 45,
i=1 k=1
Y(x,jn) = Y Y"(x,j,5,n)+> Yi(x,j)
7'=1 =1

By taking for « the limiting value co we define N; (4, j') = N; (00, 7,5'), Nf(§) = Nf(oo,5), N(4,j',n) =
N(oo,7,4',n), N"(j,n) = N"(o0,j,n), so that N(4,j',n) is the number of direct transitions from j to



j' that are fully observed,N(j,n) is the number of sojourn times in state j, whose N™¢(j,n) (nc for
not censored) are fully observed and N¢(j,n) (¢ for censored) are censored. For x = 0, we denote
Y#(4) = Y£(0, 7). The number of individuals initially in state j is NO(j,n) = >_1, 1{Jo(i) = j}.

The true parameter values are denoted p? and p?j,, and the true functions of the model are ng Ir
Flyy. Fy, G and A?, .

Let I,, = log(L,,) and ,,(j) = log(L,(j)). The log-likelihood relative to state j is proportional to

piN°(jin) + Y N(j.5',n) log(pj;)

=1

1n(j)
+, Z Ni k(3,5 og(A 5 (Xk(4))) — Ay (Xk(2))]

+ Y NP()llog{ ) pjyre Ty (16)

i=1 §'=1

Among the sum of four terms giving (16), let [2 be the first term relative to the initial state, "¢ (nc for
non censored) the sum of the second and third terms, which involve exclusively fully observed sojourn
times in state j, and finally I¢ (¢ for censored) the last term which deals with censored sojourn times in
state j.

We denote K,, = max;—12.. , K(i) and nkK, = >oi, K(i) respectively the maximum number of
transitions and the total number of transitions for the n subjects. We consider two different designs of
experiments, whether or not observations are stopped after a fixed amount K of direct transitions.

It is obvious that if the densities f; of the sojourn times, without censoring, for every state j, are
strictly positive on ]0;to[ for some ty > 0, and if the distribution functions G; of the censoring times
are such that G;(t) < 1 for all ¢ > 0, the maximal number K, = max; K (i) of transitions experienced
by a subject tends to infinity when n grows. If moreover the mean number of transitions K, goes also
to infinity, then the term relative to censored times [S(j) is the sum of terms of order n while the term

I"¢(j5) is a sum of terms of order nk,. Therefore we have

Proposition 1 Under the assumptions K, — oo, and

N"™(j,n) 0 :
- == — '>07 € 1a27"'am7
oK. 4 jed }
then
LG ne/ s
lim L]) = lim l”lj).



and the mazximum likelihood estimators are asymptotically equivalent to

Djj Nnc(j’ n) ’
~ ¥ dN($7j7jl7n)
A\jj/(x) = Yre(s i i n)’
0 (3,]7] an)
~ B Nik(z,4,5")
Fljj(z) = 1;[1 ;};[1{1 - Y(Xk(0), 5. 5, m) }

5 Case of a bounded number of transitions

We now assume that the number of transitions is bounded by a finite number K fixed in advance.
For each subject ¢ = 1,--- ,n, the observation ends at time ¢; = Zf:(? Xy (i) if K(i) = K or if Jg
is an absorbing state, and at time ¢; where there is a right censoring in the K(i)th visited state, K (i) < K.

Using notations in (15), the likelihood term relative to the initial state 7 may be written

() = N°(jn)log(p;),

the terms relative to the fully observed sojourn times in state j is

o) = >0 { NG ) log(pi)
j'=1
n K

> Niwli, 5 log (A5 (X (@) = Ay (Xi(@))] }»

i=1 k=1
and the term relative to the censored sojourn times in state j is

m

n
() = D Nf(log{) pjyre XN,
i=1 §'=1
The score equations for p;;; and Aj; do not lead to explicit solutions because they involve the survival
function F'; and the transition function Fﬂj. We define estimators Dy, j;+ and Knym-/ by plugging in the

score equations the Kaplan-Meier estimator of F'; and the estimator of Fj\; given by Gill (1980),

n K(7) N (x,5) .
= 1 o dN(y,j,n) }
F, iz = l—-———F—— = l1— —"—F"—F, 17
i) Hkn{ Y(Xk<z>,y,n>} H{ Y(y,5.) 17)
7 = y=z
ﬁ ., (x) — - K(Z)% (Xi(z)) Ni,k($7j7j/) :/z% _(y_)dN(yJ,j’,n) (18)
'l i=1 k=1 " F Y(Xk(z)a.% TL) 0 " Y(yv.]a ’/l)
We obtain the estimators
- NO(j,n
Pn,j = (j )7
n
ﬁ ..y = N(-i?j’?") +Nc(j7j/’n) (19)
e N7e(j,n) + Ne(j,n)
Rupl) = [ ——Chdon)
i 0 Y"e(y,j.5'\n) +Y(y, 5.5’ n)



with

I
=
3]
—~
=
<
~—
3
<

Yc(y’j7j/7n)

N°(j,j',m)

I
[~]=
=
%
.
<
=
b\=
S <.
=5
—
<
*
>
~— | ~—
SN— ~—

The variable (n'/2(p,, ;- pj] /));+ and the process {n'/2 (A 15 —AD ) are asymptotically Gaussian,

|75’
on every interval [0, 7] such that fo F] ‘]G )1 dAj'Lj < oo (Pons (2002)).

6 A Test of the Hypothesis of Independent Competing Risks.

In the ICR case, the initial probabilities jointly with the survival functions Fljj’ of the sojourn times
conditional on states on both ends, are sufficient to determine completely the law of the process. In the
general case, however, the two sets of parameters p;; and E j;» are independent and may be modeled

separately. Our aim is to derive a test of the hypothesis of Independent Competing Risks (ICR):

Hy :  The process is ICR
H, : The process is not ICR

The Kaplan-Meier estimator ﬁn,j of Fj, given in (17), and the estimator ﬁnﬂv‘j of Fj;, given in
(18), are consistent and asymptotically Gaussian both under Hy and under H;. It is also true for the
straightforward estimator p,, ; of the initial probabilities. From those estimators, one may derive general
estimators of the transition probability p;; and of the survival function E ;57 of the time elapsed between
two successive jumps in states j and j'. For these estimators, we shall use the same notations as the

estimators of p;; and E j;+ defined in section 5, though they are now given by

P gy = max Fy, joj;(t) (20)
= ﬁn N t
Fopjp(t)=1— j—“() (21)
Pn,jj

In the independent competing risk model, the transition probability Fj/|; satisfies (10) and thus may

be estimated as

FnJIJ() = / H% i ( dF 15 (5) (22)
J#5’
= 515(8) Fag(s7) dAs o (s),
H”pn,j] /JI;J; I |
where )
Ryt = [ 1Y (oogim) > 0 Sl L) )



is the estimator of the cumulative hazard function A in the general model. A competitor to p,, ;i is

n,j'|j
deduced as

ﬁﬁgj/ = maxF g |J( ). (24)

Proposition 2 If p?j, > 0, vVn(Pnjj — p?j,) is asymptotically distributed as a normal random vector

with mean 0, variances and covariances

SR B S D I R L () 0 VVAFY (s
Ji’ W;‘)/o é?(S)FS(S) {(FJ’IJ( ) pJ’\J) Fg(s) +{F (s )+2(FJ |J( 5) — p]'\J)}dFJ’\J( )}’
e = T L N E () - ) NG

335" 71.;_)/0 ég(s)Fg(s) {(FJ/U( ) pJ’\J)( \J( 5) pJ”IJ) Fj(s)

HE1(9) = 20,0} 5 (5) + (Fys(5) = o ) dF s (s)

Moreover, \/n(pF

pn i pgj/) is asymptotically distributed as a centered Gaussian variable.

Estimators of the asymptotic variance and covariances of (pn,jj'); e.7(j) may be obtained by replacing
the functions F F ; and A ; by their estimators in the general model, (17, (18) and (23). Due to their
intricate formulas, it seems dlﬁicult to use an empirical estimator of the asymptotic variance of ﬁﬁ%, and
a bootstrap estimator should be preferred. Asymptotic confidence intervals for p?j, at the level a are

deduced from the (1 — a/2)-quantile ¢, of their boostrap distributions, I, j;/(«) in the general case and

IRC

g i («) under the null hypothesis of Independent Competing Risks.

A test of the Independent Competing Risks hypothesis may be defined by rejecting Hy if I, j; (o) and

IRC

i’ () are not overlapping for some j'. As the estimators of the parameters p?j, are not independent,

the level a* of this test with critical region
Rpj(@) = (i) Ryjjr (), where Ryjji(a) = {In jjr (o) N LTS (a) # 0},

satisfies a* > 1 — (1 — a)™.

10
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7 Appendix

Proof of Proposition 2.

Let 7,; = argmax; F\n,j (t). The asymptotic behavior of p, j; is derived from theorem 3 in Gill (1980)

which states the weak convergence of the process

~

= —0
(V(F o1 (E AT g) = Fpi(E A T05)jreays VAFn i (8 A Ta ) = Fj(EA Toj))ez0

11



to a Gaussian process defined, for continuous transition functions F |50 8s

tF i’ \]( )d%J ( ) -0 t d‘/vj(s) tF] |]( )d%(s) =0 ¢ d‘/j(s)
{/0 Fvtes 0 [ Evtey t v PO Ei@-(sJ)}

where Vj;r, 7,7 € {1,2,--- ,m} is a multivariate Gaussian process with independent increments, having
mean 0 and covariances Y
t . dF]’L](S)
var(Viy () = | EYi(s,j)—5—,
0 F(s)

cou(Vig (8), Vi () = 03 37 # 77 and coo(Vigr (8), Vijy (41)) = 0 f i # j or t1 £, and Vy = ¥, Vi
As EY;(s,j) = W?E?(S)F?(S), it follows that \/n(pn j;r — p;) is asymptotically distributed as

*dVii(s) 0 e dv;(s) °°—Q (s avi(s)
/0 79G, (s) p”’/o G ()T (s) * /0 Fiul )wgéﬁ(sﬁ?(s)'

Denoting this limit as A — B + C, we have

1 [/~ 1 —o

I 1
var(B) = ;é/ P 2dFJO(s)
770 GL(s)F(s)
C _ i > ]|] dFO
var(C) 0 j(s)
i Jo
0 )
Diir 1 0
cov(A,B) = / s dFy(5)
T Jo o Gi(s)F;(s)

0 00
cov(B,C) = pjé// OF]/MEJS) 5AF)(s),
Ty Jo G,(s)F;(s)

and U?j, is the variance of A — B 4 C. The covariance o2, ., is obtained by similar calculations, but the

433
covariance between the corresponding terms A(jj’) and A(jj”) is zero.

From (22), the asymptotic Gaussian distribution of /n(pF¢

Pnjj — p?j,) is a consequence of the asymp-

totic behavior of the estimators Fn,j and fnﬂj and of the estimator Kn,ﬂj given by (23), using again

theorem 3 in Gill (1980). O

12



Limiting covariance of /n(pf¢ S —1950)-

The limiting covariance of /n(pF¢ i p?j,) may be calculated using the following expressions
I 1 —o0 —o dF9(s) —0
aiy(t) = —/ 3 F(5) = Fy (1) ——— + {F () + 2(Fy5(s) - (£)} dF;(s) ¢
JJ ﬂ.;) 0 G?(S)F?(s) 3’3 3’3 F(J)(s) 515 \8 J g 515 \8
1 ¢ 1 —0 —0 —0 —0 dFQ(S)
R o {(F}, (5) = o () (T () = Fov (1) =2
33’3 77]0' 0 Gq(s) 0( ) 3’3 3’3 J"NJ I3 F?(s)

F
+(F15() = Foy ()} dF oy (5) + (Foys () = Fyoyy (00} dF () }

0

() = tim Cov{v/m(Fn;(t) = Fo(£)), /i (F 13 (8) — Fo ()}

— b dFy
|j 0
/7()] 5— (dF}); +dFj°)—Fj,|j(t)A GOTJO

i (F5)?

ORI lim Vary/a{Fo (1 ) [1 an ~F(t) I1 F (0}

J1#3’ J1#3’

(T Py P i 3 Varva oy (6 — Fyy (0} {2

J1#5’ Je#j’ J2|J(

0
0

12 4 Vary/n{F, ;(t7) — Fo(t)}

(F(1))? = o - o
* —— o Cov{VI(F o ) () = F 15 (1)), Vn(F gy (8) — Fly 5 (£)}
J; mézj;,jz F?zlj (t)F(;sU( | | | |
F(1) o - L
+ Z COV{f( GtT) = F(6),Vn(Fr gy 5 (t) = Fiy;(0))}]

J2#J’ F]2|j( )
o2 (t) oo dFO( )
- {F F n,j1(7 _L +
all;[] ! gz;a; (F}, ()2 /0 709G (5)(F)2(s)
D () )

+Z Z ¢+ZL

Je#§! G3#5’ 32 J2|J( ) J3|J(t) Jo#J’ F]2|J( )

and, for any sequence A,,; converging to A;,

lim Var\/ﬁ(H Anj — HAj) = Z H A% lim nVar(An,; — A;)
J J

J 3'#d
3> Ay [T A limnCov(Ay, — Ay, Auy — 47).
JJ'#s 3507 #d
Thus
RC (2) (2)
O + v —2c¢
( JJ ) {H . p]]”}Q{ 23 }
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with

W@ = T3 a3
v = 11£n Var\/ﬁ{/o F,, H F, Ay i (s pJJ Hpﬂ
£
=~ 70
= / hm Var\/_{Fn] H F,. = F(s) H 158 )}dAg 15(8)
g7 #5 J"#5’

/ {F H Fﬂj 5)}? hm Var\/_(dAn”J() dAJ 15(5))

J#3’

oo dFO( )
_ (1)
- /0 ij J \J / {F H FJ”\J 0 )

37 #3’ OG ( )( j’ |])2(8)

v @) = tim Varvi(F (07) [T Fu®) = F507) TT 7,500}
17’ i1’
O
= { [ Foss®Ytim[ > Varv/n{F, (1) - FlH = (? Y2+ Vary/n{F,;(t7) — Fy ()}
n#j’ J275’ jali
(F)(1))? = o = =0
+ —— o Cov{VI(F o ) () = F 15 (1)), Vn(F gy (8) — Flg 5 (£))}
J2Z75J ja;,jz Fp i (0F () | | | |
0

+z;”gmn 07 =), VAF i 0) ~ Foyy 0))]
JoFg" * jali
a2, (t) o0 dF?(s)
- {F Fn Jilg _L + 1
E 4 jQGMW-A <w%u

D S TR ]

Je#i’ j3#£i’\j2 J2|J< ) ]3|J( ) Jo#5’ FJ2|J( )

J(:;) = lim Var\/ﬁ{ﬂf’\"»jy Hpaj} Zgaal{H Pm}2+Z Zpﬂhpam H P553) 2055152
5

JoF# g1 J1 Je#j1 Ja#j1.J2

and similar calculations give the expression of

2zhm COV \f{Hpn]g” —Hp]]”} \F{/ F i H % n,g7 15 (8 n,j'1i (8 pJJ HpJJ” :
A

e
J
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